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Abstract
In this paper we investigate the consequences of phantom crossing considering the perturba-
tive dynamics in models with interaction in their dark sector. By mean of a general study of
gauge-invariant variables in comoving gauge, we relate the sources of instabilities in the structure
formation process with the phantom crossing. In order to illustrate these relations and its con-
sequences in more detail, we consider a specific case of an holographic dark energy interacting
with dark matter. We find that in spite of the model is in excellent agreement with observational
data at background level, however it is plagued of instabilities in its perturbative dynamics. We
reconstruct the model in order to avoid these undesirable instabilities, and we show that this im-
plies a modification of the concordance model at background. Also we find drastic changes on the
parameters space in our model when instabilities are avoided.
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I. INTRODUCTION
It is well known that the measurements of the luminosity redshift of supernovae (type
Ia) have proportioned growing evidence for a phase of accelerated expansion of current
universe[1, 2]. However, other evidences of this accelerated expansion come from baryon
acoustic oscillations [3], anisotropies of the cosmic microwave background (CMB)[4], and
among other [5], have confirmed this scenario. In order to obtain a phase of accelerated
expansion in Einstein’s General Relativity it is necessary that the cosmological background
dynamics be dominated by some exotic component with a negative pressure, known as
dark energy (DE). Assuming that DE contributes to an important fraction of the content
of the observable universe, it is instinctive and natural from the field theory to assume
its interactions with other fields, e.g., dark matter (DM). It is well known that a suitable
interaction between DE and DM can provide an novel mechanism to alleviate the cosmic
coincidence problem [6, 7]. On the other hand, these models affect the structure formation
and hence provide a different way to change the predictions of non-interacting models.
Regarding this point, the interaction between DE and DM have been studied considering
different types of observational data sets, see Refs.[8, 9]. For more comprehensive references
of models with interacting DE and DM, see Refs.[10, 11].
The study of structure formation in models of DE and DM, through the cosmological
perturbations theory, plays a fundamental role when these models are confronted with the
observations [12]. These models imprint a signature on the CMB power spectrum [13, 14]
and also the space of parameters is modified[14, 15] . For this reason the analysis of the
cosmological perturbations is important and also need to be well-behaved. In particular
for interacting models, the background dynamics with adiabatic initial conditions and the
perturbation theory were analyzed in Ref.[16]. Here, the perturbative dynamics realizes
unstable growing modes. A further analysis in models with an interacting DE component
together with a constant equation of state (EoS) w, was considered in Ref. [17]. Here the
authors found that perturbations were unstable and with a rapid growth of DE fluctuations.
To avoid a possible conflict with the perturbative dynamics when the EoS parameter w
crosses the value w = −1, in Ref.[18], the authors considered a new variable associated to
the divergence of the velocity field. However, the new perturbations equations have a term
associated to the pressure perturbation and, therefore, an adiabatic speed of sound. In this
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way, the authors introduced a free parameter in the adiabatic speed of sound, avoiding the
divergences in the perturbations.
On the other hand, considering that observational-data tests of the Λ cold dark matter
(ΛCDM) model are not accurate enough to rule out adequately the large diversity of alterna-
tive DE models in the literature that have been proposed to account for the data. In modern
cosmology, one can test the ΛCDM to describe an adequate DE model, assuming the DE as
an effective fluid (or a scalar field) and considering its EoS as a free and dynamics parameter.
Some candidates for this DE are the holographic models (HM) which give a specific classes
of dynamic approaches to solve the cosmic coincidence problem and is another alternative
to the standard ΛCDM model. These models are motivated from the Holographic principle
which has its origin in the black hole and string theories [19]. These HM have a direct
connection between an ultraviolet and infrared cutoff [20–22]. In this context, the infrared
cutoff corresponds to a cosmological length scale, and by the other hand this connection
between cutoffs ensures that the energy density does not exceed the energy in a given vol-
ume of a black hole of the equal size. Regarding the HM with interaction between DE and
DM, this kind of models were studied in Refs.[23–25]. In particular we mention a specific
model of HM in which the cutoff length is proportional to the Ricci scale[26, 27], see also
Ref.[28]. In relation to the study of the dynamics of perturbations, this was analyzed in
Refs.[29, 30]. The appearance of instabilities in the dark sector, through the perturbative
dynamics, occurs when the EoS parameter w crosses the value w = −1 in models with a
dynamical EoS. In this context, the study of this crossing of the EoS parameter and the ap-
pearance of instabilities in the perturbative dynamics for non-interacting Ricci holographic
model, was performed in Ref.[31].
In the present paper we study the background dynamics and also present the analysis of
linear perturbations in the framework of gauge-invariant variables in comoving gauge, for
the interacting dark sector, identifying the source of instabilities. In particular we consider
that the dark energy density corresponds to the holographic Ricci DE model, and then we
extended the study developed in Ref.[31], but now considering an interacting dark sector.
Here we study the background equations, the linear perturbations and the appearance of
instabilities. In order to evade these instabilities we develop an appropriate holographic
Ricci interacting dark energy model and we find drastic changes on the constraints of the
parameters.
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This article is organized as follows. In Sect. II we present the background equations
for the interacting dark sector. In Sect. III we analyze the dynamics of perturbations in a
general framework for a single fluid and two interacting fluids. In Sect. IV we study the
evolution of linear perturbations and identify the sources of instabilities. In Sect. V we
consider a specific holographic dark energy model, known as Ricci DE. Here we study the
background dynamics and analyze the observational tests on this model, considering the
SNIa and H(z) data sets. In Sect.VI we study the linear perturbations and identify the
instabilities in our interacting model. We also analyze the high-redshift limit of our model
and we compare it with ΛCDM model. In Sect. VII we study how to avoid these instabilities
and develop an appropriate model . Finally, Sect. VIII summarizes our results and exhibits
our conclusions.
II. BACKGROUND EQUATIONS: DARK ENERGY- DARK MATTER INTER-
ACTION
We consider a spatially flat Friedmann- Roberson-Walker universe dominated by two in-
teracting components, dark energy (subscript x) and dark matter (subscript m) that behaves
as pressureless dust. In this form, the total energy density is given by ǫ = ǫm + ǫx and the
Friedmann equation can be written as
3H2 = ǫ = ǫm + ǫx, (1)
where H = a˙/a is the Hubble rate and a is the scale factor. For convenience we will use
the units in which 8πG = c = ~ = 1, and the dots mean derivatives with respect to the
cosmological time.
On the other hand, we assume that both energy densities do not evolve separately, but
rather they interact with each other through a source term, that enters the energy balance
equations as
ǫ˙m + 3Hǫm = Q, and ǫ˙x + 3H(ǫx + px) = −Q, (2)
here Q denotes the interaction term. If Q > 0, the direction of energy transfer is from DE
to DM, if Q is negative then the direction of energy transfer occurs from DM to DE. We
5
note that the total energy density ǫ = ǫm + ǫx is conserved. We also consider that the DE
component obeys an EoS, such that wx ≡
px
ǫx
= p
ǫx
≡ w, where w corresponds to the EoS
parameter. Here the quantity px denotes the pressure associated with the DE. In virtue of
these quantities, the acceleration equation becomes
H˙ = −
3
2
H2
(
1 +
w
1 + r
)
, or equivalently
d lnH
d ln a
= −
3
2
(
1 +
w(a)
1 + r(a)
)
, (3)
where r ≡ ǫm
ǫx
denotes the ratio between both energy densities. We also note that the total
effective EoS of the cosmic medium wtotal = p/ǫ can be written as
wtotal =
p
ǫ
=
px
ǫm + ǫx
=
w
1 + r
. (4)
From (2), the rate of change of the ratio between both energy densities r becomes
r˙ = 3Hr(1 + r)
[
w
1 + r
+ qm
]
= 3Hr(1 + r) [wtotal + qm] , (5)
where the quantity qm is defined as
qm ≡
Q
3Hǫm
. (6)
In particular in the absence of interaction, we have that qm = 0.
III. GENERAL REMARKS ON PERTURBATIONS: INTERACTING MODEL
A. Single fluid
In order to motivate the analysis of cosmological perturbations in DE models and its
dynamics, we start by reviewing the perturbations for a single fluid.
We consider the dark sector has an energy-momentum tensor of a perfect fluid given by
Tµν = ǫuµuν+phµν , where the tensor hµν is defined as hµν = gµν+uµuν and uµ u
µ = −1. Here,
again ǫ represents the energy density, p the pressure and uµ corresponds to the 4-velocity
of the dark fluid. From the conservation law of the energy-momentum tensor T µν;ν =0, we
obtain that the equations for timelike and spacelike parts are given by
ǫ,αu
α +Θ (ǫ+ p) = 0 , (7)
and
(ǫ+ p) u˙µ + p,αh
αµ = 0 , (8)
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respectively. Here, the quantity Θ ≡ uµ;µ is the expansion scalar and u˙ ≡ u
µ
;νu
ν .
In order to calculate the perturbations, we consider the most general flat metric , con-
taining only scalar perturbations of a homogeneous and isotropic background given by
ds2 = − (1 + 2φ) dt2 + 2a2F,idtdx
i + a2 [(1− 2ψ) δij + 2E,i j ] dx
idxj , (9)
where φ = φ(t,x), F = F (t,x), ψ = ψ(t,x) and E = E(t,x) are metric perturbation, see
Ref.[32].
For the 4-velocity uµ = (u0, ui) we get
u0 = 1− φ, and ui = v,i , (10)
where v denotes the scalar velocity perturbation. Considering the metric (9), we find that
the quantity Θ = 3H , and its perturbation δΘ is given by
δΘ =
∇2
a2
(v + χ)− 3ψ˙ − 3Hφ , where χ =
(
E˙ − F
)
. (11)
The Eq. (7) can be rewritten up to zeroth and also to first order of perturbations, yielding
ǫ˙+Θ (ǫ+ p) = 0 , and δ˙ǫ− ǫ˙φ+ δΘ (ǫ+ p) + Θ (δǫ+ δp) = 0 . (12)
Usually the right equation of (12) can be written in function of density contrast defined as
δ = δǫ
ǫ
. However, the quantity δ is not gauge-invariant. Thus is suitable to describe the
dynamics of perturbations in terms of gauge-invariant variables. In particular, in comoving
gauge, these invariant quantities represent perturbations on comoving hypersurfaces. In the
following, we will denote a superscript c to all gauge-invariants in comoving gauge. These
invariant quantities are defined as δc = δ + ǫ˙
ǫ
v, δΘc = δΘ + Θ˙v and δpc = δp + p˙ v, see
Ref.[33]. In virtue of these gauge-invariant quantities the right equation of (12) can be
rewritten as
δ˙c −Θ
p
ǫ
δc +
(
1 +
p
ǫ
)
δΘc = 0 , (13)
or equivalently
δc′′ +
[
3
2
−
15
2
p
ǫ
+ 3
p′
ǫ′
]
δc′
a
−
[
3
2
+ 12
p
ǫ
−
9
2
p2
ǫ2
− 9
p′
ǫ′
]
δc
a2
+
k2
a2H2
δpc
ǫa2
= 0 , (14)
where the primes denote derivatives with respect to the scale factor a (for more details, see
Refs.[34, 35]). Here we point out that this equation governs the dynamics of perturbations
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for the dark sector as a whole. Also considering at first order Eq.(8), we find the momentum
balance equation becomes
v˙ + φ+
δpc
ǫ+ p
= 0 . (15)
B. Interacting Two-component fluid: General Formalism
In this subsection we consider a general formalism to study the perturbative dynamics
for two interacting fluids: DM that behaves as pressureless dust and DE. In the following,
we will consider that both components are interacting and then the energy momentum
tensor for each individual component is not conserved separately, i.e., T µνA;ν = Q
µ
A. Here Q
µ
A
denotes the energy-momentum transfer vector between both fluids and ”A” label denotes
both components: A = m for dark matter and A = x for dark energy.
By considering the timelike part of the balance equation and from the projection in the
direction of the vector uAµ, we find that
ǫA,µu
µ
A +ΘA (ǫA + pA) = −uAµQ
µ
A = QA . (16)
In general the expansion scalar ΘA = u
µ
A;µ is different for each component of the dark
sector, however up to zero order, or equivalently at the background level, the 4-velocities
are uµm = u
µ
x = u
µ, then ΘA = Θ = 3H . We emphasize that Eq.(16) corresponds to
the projections of vector QαA along the 4-velocity uAα. In this way, the scalar quantity
umαQ
α = −uxαQ
α
x = uαQ
α = Q. On the order hand, the perturbed time components of the
4-velocities, to first order, are given by δu0 = δu
0 = δu0m = δu
0
x = −φ.
Now the energy-momentum balance equations are given by taking the spacelike part of
the vector T µνA;ν = Q
µ
A, resulting in
(ǫA + pA) u˙Aµ + pA,αh
α
Aµ = hAµαQ
α
A = QAµ , (17)
where again u˙A,β = u
α
A;βuAα and pA denotes the pressure of the A-fluid. Following Refs.[36,
37] the energy-momentum transfer Qα, can be decomposed in two parts, one proportional
and other perpendicular to the total 4-velocity uα, so that
Qα = uαQ +Qα, such that uαQ
α = 0, and Q = −uµQ
µ. (18)
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Also, we note that this decomposition of the vector Qα implies that at first order, Qα =
(0,Qi), where Qi corresponds to spatial vector up to first order. In virtue of these quantities,
Eq. (16) for dark matter and for dark energy may be rewritten as
ǫm,αu
α +Θm ǫm = Q , and ǫx,αu
α +Θx (ǫx + px) = −Q , (19)
respectively. For the dark matter, we find that the energy balance can be obtained consid-
ering at first order of Eq. (16) in which
δ˙ǫm − ǫ˙mφ+Θδǫm + ǫmδΘm = −δ (umαQ
α) = δQ , (20)
whereas for the dark energy we get
δ˙ǫx − ǫ˙xφ+Θ (δǫx + δpx) + δΘx (ǫx + px) = δ (uxαQ
α) = −δQ . (21)
Here we have introduced the functions of contrast of matter density δm =
δǫm
ǫm
and dark
energy density δx =
δǫx
ǫx
respectively. However, these densities are not gauge-invariants and
we shall describe our results in terms of gauge-invariants in comoving gauge. Following
Ref.[38] we will consider the invariant quantities δΘcm = δΘm + Θ˙v, δ
c
m = δm +
ǫ˙m
ǫm
v, and
δQc = δQ + Q˙v in the comoving gauge. In this way, at first order the gauge-invariant
equation for the dark matter contrast can be rewritten as
δ˙cm +
ǫ˙m
ǫm
δpc
ǫ+ p
+ δΘcm =
δQc
ǫm
−
Q
ǫm
δcm. (22)
Considering the most general perturbed metric given by Eq.(9), we find that the scalar
perturbation ΘA can be written as [34]
δΘA =
∇2
a2
(vA + χ)− 3ψ˙ − 3Hφ , where χ =
(
E˙ − F
)
. (23)
Here we have considered that ΘA = u
µ
A;µ, which corresponds to the scalar expansion for the
A-component.
Also, at first order the energy-momentum balance Eq.(17) for both dark fluids becomes
ǫm (v˙m + φ),i = Qi , and (ǫx + px) (v˙x + φ),i + δp
cx
,i = −Qi, (24)
respectively. Here we mention that the combination v˙ + φ is a gauge-invariant quantity in
the comoving gauge, and the quantity pcx is defined as pcx ≡ δpcx + p˙xvx = δp
c + p˙vx i.e.,
comoving to the dark energy
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IV. LINEAR PERTURBATIONS AND SOURCE OF INSTABILITIES: RELA-
TIVE ENERGY-DENSITY PERTURBATION
In order to analyze the perturbative dynamics in terms of gauge-invariant quantities,
we will study the linear perturbations considering the relative energy-density perturbation
Sc. Following Ref.[31] we introduce the relative energy-density perturbation Sc, defined
as Sc = ∆c − δcm, where ∆
c = δǫ
c
ǫ+p
. As it was noticed in Ref.[31], the instabilities in the
perturbative dynamics of the fluids are described in terms of this function.
In order to find the equation for the variable Sc, we need to rewrite Eq.(13) in terms of
the dimensionless variable ∆c. Considering Ref.[33] we have that
∆c −Θ
p˙
ǫ˙
∆c + δΘc = 0 , (25)
and now, combining with Eq.(22), we find that the equation for the relative perturbation
Sc results
S˙c +Θ
δpcnad
ǫ+ p
+ δΘc − δΘcm = G , (26)
where the function G is defined as
G = G(qm, δQ
c) = −
δQc
ǫm
+ 3Hqmδ
c
m + 3Hqm
δpc
ǫ+ p
.
Here, δpc corresponds to the gauge-invariant expression for pressure perturbation of the
dark fluid, and the quantity δpcnad denotes the non-adiabatic contribution of the pressure of
the dark fluid. We mention that the relation between both quantities is given by δpnad =
δpc − p˙
ǫ˙
δǫc. Also, by considering the interaction to first order and the comoving gauge, the
quantities δQc and δΘc are defined as δQc = δQ+ Q˙v and δΘc = δΘ+ Θ˙v, respectively.
Adding Eqs.(20) and (21) and comparing with Eq.(12), we get
δΘc =
ǫm
ǫ+ p
δΘcm +
ǫx + px
ǫ+ p
δΘcx , (27)
which allow us to write
δΘc − δΘcm =
(
1−
ǫm
ǫ+ p
)
(δΘcx − δΘ
c
m) =
(
1−
ǫm
ǫ+ p
)
∇2
a2
(vx − vm) , (28)
where we have used Eq.(23). Now combining Eqs.(24), (26), and (28), we find that the
equation for the relative energy-density becomes
Sc′′ +
(
1 + a
H ′
H
+ A˜(a)
)
Sc′
a
+ B˜(a) = 0, (29)
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where
A˜(a) =
3r
1 + w
(qm + cˆ2s) + 2, cˆ
2
s ≡
p′
ǫ′
, (30)
and
B˜(a) =
1
aH
[
3H
ǫ+ p
δpcnad
]′
+
A˜(a)
a2H
[
3H
ǫ+ p
δpcnad
]
−
∇2
a4H2
δpcx
ǫ+ p
−
Q
a2H2ǫm
− A˜(a)
G
a2H
−
G′
aH
. (31)
Here, we observe that in the limit Q → 0, the function A˜(a) corresponds to the obtained
in Ref.[31]. As before the primes denote derivatives with respect to the scale factor and cˆs
denotes the total adiabatic speed of sound.
In this form, Eqs.(14) and (29) are the fundamental equations that govern the dynamics
of perturbations in the case of interacting DE and DM fluids, since it allows us to find the
perturbations δcm and δ
c
x. We mention that the Eqs.(14) and (29) are coupled (as we shall
see in the next sections) and the sources of this coupling are the functions δpnad, δp
c
x, and
the interaction term qm.
At this point we observe that, if any DE model has a dynamic EoS and it crosses the
value w = −1 in any finite time, then there will exist a source of instabilities driven by
the function A˜(a). In particular, these instabilities shall appear in matter perturbations via
the Sc-function independently of whether DE and DM are interacting or not. As we will
mention in the next subsection, terms related to δpcnad and G do not present divergences.
However we will have another contribution to the instabilities arising from the term related
to the pressure perturbations δpcx.
A. Pressure terms and perturbative dynamics
An interesting feature of the equations for δc and Sc is that they are directly related to
the non-adiabatic total pressure perturbation δpc and the dark energy pressure perturbation
δpcx. In the following, we will express these two pressure perturbations as functions of δ
c
and Sc, and then we will analyze the instabilities and its sources. Following Ref.[39], the
non-adiabatic part of the total pressure perturbation δpnad, can be written as
δpcnad = δp
c
x,nad + ǫm
ǫx + px
ǫ+ p
p˙x
ǫ˙x
(
δǫcx
ǫx + px
− δcm
)
, (32)
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where
δpcx,nad = δp
c
x −
p˙x
ǫ˙x
δǫcx .
Here, δpcx,nad corresponds to the non-adiabatic part of the dark energy pressure pertur-
bation, which is intrinsic to dark energy. The equation for the total pressure perturbation
δpnad, given by Eq.(32), can be rewritten as
δpcnad = δp
c
x,nad + c
2
s
ǫm
ǫ+ p
[−qmǫδ
c + (ǫ+ p)Sc] , (33)
where the sound speed becomes
c2s ≡
p′x
ǫ′x
= w −
1
3
r(w + qm + qmr)
qmr + 1 + w
.
Here, we observe that in the limit Q → 0 the sound speed c2s has a divergence in the case
when the EoS parameter w → −1 and the dynamic of the pressure perturbations collapse.
However, in the case with interaction, we note that the sound speed is finite when w → −1
and this divergence does not occur in our case.
From Eq.(33) we observe that the non-adiabaticity of the dark sector arises from the non-
adiabaticity of the dark energy and the relative entropy (the second term of Eq.(32)) between
dark energy and dark matter fluid and also from the interaction qm ∝ Q (see Eq.(6)). Now,
and considering for simplicity that the dark energy is an adiabatic fluid, i.e., δpx,nad = 0,
then from Eq.(33) the contribution to the non-adiabatic total pressure perturbation arises
from the relative entropy between DM-DE and the interaction term qm. In this form, the
total pressure perturbation δpc = δpnad + p˙/ǫ˙ δǫ
c reduces to
δpc = (cˆ2s − qmy1)ǫδ
c + c2sǫ
r
1 + r
Sc , (34)
where
cˆ2s =
c2s(qmr + 1 + w)
1 + r + w
, and y1 =
rc2s
1 + r + w
. (35)
From Eq.(34) the term 3H
δpcnad
ǫ+p
can be written as
3H
δpcnad
ǫ+ p
= f1δ
c + f2S
c, (36)
where
f1 ≡ −3Hqm(1 + r)y1, f2 = 3Hy1. (37)
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Under the assumption that δpx,nad = 0, the function G given by Eq.(26) takes the form
G = −
δQc
ǫm
+ g1δ
c + g2S
c, (38)
where the coefficients g1 and g2 are given by
g1 ≡ 3Hv1(1 + cˆ
2
s − qmy1), g2 ≡ 3Hqm (y1 − 1) , and v1 ≡
qm(1 + r)
1 + r + w
, (39)
respectively. Here we have considered Eq.(34).
In order to find the coupled set of equations for δc and Sc, with a general interaction term
Q and thus δQc, we need to find an expression for the pressure perturbation associated to
the dark energy component δpcx such that
δpcx = δpc + p˙vx = δp
c + p˙v + p˙(vx − v) = δp+ p˙(vx − v), (40)
where the difference between the scalar velocity perturbations vx − v is given by
vx − v =
ǫm
ǫ+ p
(vx − vm). (41)
Now, and going to the k-space, where k denotes the magnitude of the physical momentum
(k = |k|), we find that the difference between the velocity perturbation of DE and DM,
vx − vm results
vx − vm =
a2
k2
ǫ+ p
ǫx + px
[
Sc′aH + (f1 − g1)δ
c + (f2 − g2)S
c +
δQc
ǫm
]
. (42)
Here, we have considered Eqs.(26), (28), and (38), respectively.
In this way, the quantity δp
cx
ǫ+p
appearing in Eq.(31) becomes
δpcx
ǫ+ p
= −3Hy1
k2
a2
(
1 + qm
r
1 + w
)[
(f1 − g1)δ
c + (f2 − g2)S
c + aHSc′ +
δQc
ǫm
]
+v1
(
cˆ2s
qm
− y1
)
δc + y1S
c. (43)
We note that the expression given by Eq.(43) which appears in the Eq.(31), is also (joint
with A˜(a)) responsible of the instabilities in the perturbative dynamics when the dynamical
EoS parameter w crosses the value w = −1.
Considering Eq.(34), we determine the equation for the gauge-invariant quantity δc given
by
δc ′′ +
[
3
2
−
15
2
w
1 + r
+ 3cˆ2s
]
δc ′
a
−
[
3
2
+
12w
1 + r
−
9
2
(
w
1 + r
)2
− 9cˆ2s +
k2
a2H2
(qmy1 − cˆ
2
s)
]
δc
a2
13
= −
k2c2s
a2H2
r
1 + r
Sc
a2
. (44)
Also from Eqs.(29), (31), (36), (38), and (43), the equation for the relative energy-density
perturbation can be written
Sc ′′ +
[
1 +m+
y2
H
] Sc ′
a
+
[
a
H
y ′2 +
y2
H
(
m+
3
2
+
3
2
w
1 + r
)
+
k2y1
a2H2
]
Sc
a2
+
v2
H
δc ′
a
+
[
a
H
v ′2 +
v2
H
(
m+
3
2
+
3
2
w
1 + r
)
+
k2v1
a2H2
(
cˆ2s
qm
− y1
)]
δc
a2
= −
1
a2H
(
m+
3
2
+
3
2
w
1 + r
)
δQc
ǫm
−
1
aH
(
δQc
ǫm
) ′
, (45)
where the function m is defined as
m =
1
2
−
3
2
w
1 + r
+
3r
1 + w
(qm + cˆ
2
s − qmy1)− 3y1, (46)
with
y2 = 3H [y1(1− qm) + qm] , and v2 = 3Hv1
(
qmy1 − c
2
sr − 1− cˆ
2
s
)
. (47)
The general Eqs. (44) and (45) allow us to obtain the solutions for the perturbations
of the dark sector, consisting in DE and DM fluids, interacting through a Q term and,
accordingly, its perturbation δQc. Also we note that in the limit in which Q equals to zero,
the Eqs. (44) and (45) reduce to the equations obtained in Ref.[31].
As a concrete example, in the next section we will study a particular dynamical interacting
dark energy model, where the energy density of the dark energy component has a holographic
nature. In this form we will extend the work performed in Ref.[31] adding an interaction
between DM and Ricci-DE fluids. Also we shall illustrate, how a well-situated model from
point of view of observational background tests, could be plagued of instabilities in its
perturbative dynamics.
V. RICCI DARK ENERGY: BACKGROUND DYNAMICS
In this section we describe a cosmological interacting dark energy model, where the DE
corresponds to the holographic Ricci model.
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We begin by summarizing the characteristic of holographic DE with an energy density
of energy ǫx=H ≡ ǫH , which interacts with dark matter ǫm. Also the energy density of each
component is related to the total dark sector with energy density (ǫ = ǫH + ǫm), through
ǫm = r(1 + r)
−1ǫ and ǫH = (1 + r)
−1ǫ, where, as before, the rate r is defined as r = ǫm
ǫH
.
Following Refs.[20, 21] holographic energy density is given by
ǫH = 3 c
2L−2, (48)
where c2 is a constant and the factor 3 was introduced for mathematical convenience. On the
other hand, the quantity L is an infrared cutoff scale. Different alternatives of the infrared
cutoff L have been studied in the literature, see e.g., Refs.[20, 26, 27].
Differentiating Eq.(48) and considering Eq.(2) we get
Q
ǫH
= 2
L˙
L
− 3H(1 + w) . (49)
In particular for the special case in which Q = 0, the EoS parameter becomes w = (2L˙ −
3HL)/3HL and coincides with the obtained in Ref.[40].
Following Refs.[26, 27] the cutoff scale is given by L2 = 6R−1, where R corresponds to the
Ricci scalar R = 6(2H2+H˙) and then, the dark energy density becomes ǫH = 3c
2(2H2+H˙).
From Eqs.(1) and (3) the EoS parameter becomes
w =
1 + r
3
−
2
3c2
, then 3w˙ = r˙, and r = r0 + 3(w − w0) , (50)
here we observe that the parameter c2 is associated to r0 and w0, such that c
2 = 2(r0 −
3w0 + 1)
−1.
Deriving the Ricci DE, for which ǫH ∝ R, and combining with Eq.(2), we find a relation
between the EoS parameter w and the interaction term Q, given by
Q
HǫH
= −
3
1 + r
[
rw −
w˙
H
]
. (51)
In particular, in the non-interacting case, the relation Eq.(51) becomes r = w˙/(wH), and
the background dynamics and its cosmological consequences were studied in Ref.[31].
A. Specifying Q
Since both dark components are assumed to interact with each other through the term Q,
we must to specify the energy transfer rate Q in order to find solutions for the model studied
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here. Several possibilities have been studied in the literature for the transfer rate Q, see
e.g. Ref. [24, 41]. The most commonly used term Q depends on the energy densities ǫm, ǫx,
ǫ = ǫm+ǫx or combinations these, multiplied by a term with units of the inverse of time, i.e.,
a rate, where the rate is proportional to the Hubble parameter i.e., Q = Q(Hǫm, Hǫx, Hǫ).
Other type of the energy transfer rate was considered from reheating models where this rate
is just a constant [42] and also for the curvaton field case[37] .
In the following we will consider that the transfer rate Q is proportional to the Hubble
rate. In this form, we consider an interaction term given by
Q =
Θ
ǫ
(
β1ǫ
2
m + β2ǫmǫH
)
, with Qi = 0 , (52)
where at background level Θ = 3H . Here the parameters β1 and β2 are constants.
We note that from the ansatz given by Eq.(52) we have four different alternatives arising,
namely; the case β1 = β2 = 0 agrees to the non-interacting case, the case β1 = β2 = β that
corresponds to the interaction Q = 3Hǫm, the case β1 = 0 gives Q = 3H
ǫmǫH
ǫ
, and finally,
the case where β2 = 0, which corresponds to Q = 3H
ǫ2m
ǫ
. These sets of energy transfer rate
and others were analyzed and discussed in Ref.[43].
By considering the interaction term given by Eq. (52), we find an expression for the
quantity qm in terms of the ratio r = ǫm/ǫH , given by
qm =
Q
3Hǫm
=
(
β1
r
1 + r
+ β2
1
1 + r
)
. (53)
In order to achieve qm > 0 (or equivalently Q > 0) and, considering that the rate r satisfies
the condition r > 0, then the allowed range for the ratio r becomes 0 < r < −β2/β1. Here,
we note that one of the coupling constants should be negative.
Now, by combining Eqs. (5), (50) and (53) we find analytical solutions for the ratio
r = r(a) and the EoS parameter w as functions of the scale factor a, wherewith
r =
r0D
(Cr0 +D) a−3D − Cr0
, w =
Dr0 − Cr0 (3w0 − r0) + (3w0 − r0) (Cr0 +D) a
−3D
3[(Cr0 +D) a−3D − Cr0]
, (54)
where the constants C and D are defined as
C = β1 +
1
3
, and D = β2 + w0 −
r0
3
, (55)
respectively.
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From Eq.(3) the Hubble rate as function of the scale factor can be written as
H(a) = H0a
−3/2e
3
2
∫ 1
a
w
1+r
dln a′ , (56)
where the rate w/(1 + r) that appears in the integral is given by
w
1 + r
=
1
3
Dr0 + (3w0 − r0) [(Cr0 +D) a
−3D − Cr0]
Dr0 + (Cr0 +D) a−3D − Cr0
. (57)
Here, we have considered that H(a = a0 = 1) = H0.
Now we shall perform an observational analysis of the model using the most recent compi-
lations of SNIa (JLA compilation [44]) and H(z) ([45]) data, only by considering background
dynamics. In order to achieve this analysis and find the best-fit for the parameters which
characterize our model, we have considered Eqs.(56) and (57).
.
B. Tests using SNIa and H(z)
In order to develop the observational analysis of the background dynamics we consider
the SNIa test, using the JLA compilation [44] with 740 data points and we also consider the
observational test corresponding to the recently updated Hubble H(z) data [45]. Our tests
are based on χ2-statistics, which will allow us to explore the space of parameters only by
considering the background dynamics.
In our statistical analysis we consider the function χ2 defined as
χ2(θ) = ∆y(θ)TC−1∆y(θ) , (58)
where ∆y(θ) = yi− y(xi; θ), θ corresponds to the free parameters, C denotes the covariance
matrix of data yi and y(xi|θ) represents the theoretical predictions for a given set of param-
eters. In the space of parameters the best fit is found by minimizing the χ2-function and
the minimum of this function gives us an indication of the quality of the fit.
At this point, we consider the tests associated to distance modulus of type Ia supernovae,
which is defined by
µ(z, θ) = 5 log10(dL(z, θ)) + 42.38− 5 log10h , (59)
where the luminosity distance is defined as
dL(z, θ) = (1 + z)H0
∫ z
0
dz′
H(z′, θ)
, (60)
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and H0 = 100 hkms
−1Mpc−1. Here, the Hubble rate H(z) in terms of the redshift z is given
by Eq.(56), in which a = (1 + z)−1. Observational data points of the luminosity-distance
modulus µobs were calculated using the relation [44]
µobs = m
∗
B − (MB − αX1 + βC) , (61)
where m∗B corresponds to the observed peak magnitude in rest frame B band and the
quantities α, β and MB are nuisance parameters. On the other hand, the parameter X1
is related to the time stretching of the light-curves, and C corrects the color at maximum
brightness. In order to calculate completely the quantity µobs and its covariance matrix we
consider the method suggested in [44] and the JLA compilation [46]. Moreover, we perform
an analysis by using the compilation of the recently updated H(z) data [45], which were
derived using the differential evolution of passively evolving galaxies as cosmic chronometers
[47, 48]. For a combination of both tests we use the total χ2 such that χ2total = χ
2
SNIa+χ
2
H(z).
The results of the joint analysis are presented in Fig.1. The upper left-panel shows the
constraint on the β2-w0 plane after marginalization in the parameter β1, the upper right-
panel represents the β1-w0 plane after marginalization in β2, and the lower left-panel shows
the β1-β2 plane after of the marginalization in the EoS parameter w0. Also, in the lower
right-panel, we show the plot of the distance luminosity in terms of the redshift z for the
best-fit values using the joint data, JLA SNIa +H(z). In all the figures the lines represent
the contours of the region corresponding to 1σ, 2σ and 3σ.
From the background dynamics we find that the values of the best-fit for the param-
eters β1, β2, and w0 are β1 = −0.05
+0.05+0.08+0.10
−0.05−0.07−0.09, β2 = 0.18
+0.04+0.06+0.08
−0.04−0.06−0.08 and w0 =
−0.95+0.05+0.06+0.08−0.05−0.07−0.09, respectively.
It is interesting to note that the parameter β2 > β1 and that the present value for the EoS
parameter w0 is well supported by observational data [4, 5]. In spite that the model is in
well-agreement with background data (χ2ν ∼ 1.12), we will see in the next section, that the
general model, together with its best-fit model, presents instabilities at perturbative level
doing inviable the processes of structure formation and CMB anisotropies. In order to avoid
the instabilities we can mention that it will be possible only reconstruct the model from an
analysis of the perturbative dynamics. However, the reconstruction will have implications
in the best-fit background model.
In the next section we will study the linear perturbations and instabilities for our inter-
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FIG. 1: Background dynamics:Results of joint analysis by using SNIa and H(z) data.
Here we have used r0 = 1/3.
acting Ricci DE model.
VI. LINEAR PERTURBATIONS AND INSTABILITIES: INTERACTING RICCI
DARK ENERGY MODEL
In order to study the linear perturbations and the instabilities in our concrete example,
we find that the perturbation, at linear order, of the interaction term δQc can be written as
δQc = −ǫm [aHv1δ
c′ + g3δ
c + g4S
c] , (62)
where the functions g3 and g4 are given by
g3 ≡
3H
1 + r + w
[qmw − r(β1 − β2)]− 3Hβ2, and g4 ≡ 3H
r
1 + r + w
(β1 − β2) + 3Hqm,
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respectively. Here we have used Eqs.(25) and (52).
Now replacing Eq.(62) in Eq.(45), we obtain that the equation for Sc becomes
Sc ′′+(1 + y3 +m)
Sc ′
a
+
(
ay′3 + y3m+
k2y1
a2H2
)
Sc
a2
= −
[
av′3 + v3m+
k2v1
a2H2
(
cˆ2s
qm
− y1
)]
δc
a2
− (v3 − v1m− av
′
1 − v1)
δc ′
a
+ v1δ
c ′′, (63)
where
y3 = 3y1(1− qm)−
3 r(β1 − β2)
1 + r + w
, and v3 = 3v1
[
y1(qm − 1)− 1− cˆ
2
s
]
+
3(β2 + rβ1 + wβ2)
1 + r + w
.
Combining solutions of Eqs.(44) and (63) for our specific model we find that the matter
density perturbation comoving to dark matter, results in
δcmm =
1 + r
1 + r + w
δc − Sc − 3H2(qm − 1)
a2
k2
(aSc′ + v3δ
c + y3S
c − av1δ
c′) , (64)
and for the holographic Ricci dark energy density perturbation comoving to dark matter we
get
δcmH =
w
1 + r + w
δc + Sc + 3H2(1 + r + w)
a2
k2
(aSc′ + v3δ
c + y3S
c − av1δ
c′) . (65)
Here we have used Eq.(40).
In order to know the evolution of the perturbations δcmm , it is necessary solve the system
of equations given by (44)–(63). However, first we shall analyze the initial conditions of this
perturbations considering the high-redshift limit.
.
A. Analysis at High-redshifts and Comparing with ΛCDM
In the following we will analyze our results in high-redshift limit, in which z ≫ 1 (or
equivalently a≪ 1). At this limit we obtain that the expressions for the quantity qm, given
by Eq.(53), the rate r, and the EoS parameter w from Eq.(54) become
qm →
Cβ2 −Dβ1
C −D
, r → −
D
C
, and w → −
D
3C
−
r0
3
+ w0, (a≪ 1) (66)
where C and D are given by Eq.(55). In particular, in the non-interacting case, i.e., β1 =
β2 = 0 where C = 1/3 and D = w0 −
r0
3
, we find that at high- redshift limit qm → 0, r →
r0 − 3w0, and w → 0.
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FIG. 2: The evolution of the perturbation δcmm versus the scale factor a, for three different
scales k. Here we have considered the best fit values of our parameters in which
β1 = −0.05, β2 = 0.18 and w0 = −0.95, respectively.
On the other hand, we obtain that the Eq.(44) at high-redshift reduces to
δc′′ + c1
δc′
a
+ c2
δc
a2
= 0, (a≪ 1), (67)
where c1 ≈
3
2
and c2 ≈ −
3
2
. Here we have considered the value r0 ≈
1
3
and the values of the
best-fit: β1 = −0.05, β2 = 0.18 and w0 = −0.95.
In particular for the non-interacting case (β1 = β2 = 0), the Eq.(44) approaches exactly
to the Einstein-de Sitter limit
δc′′ +
3
2a
δc′ −
3
2a2
δc = 0, (a≪ 1). (68)
Here we observe that Eqs.(67) and (68) are very similar, since the constants c1 ≈ −c2 ≈ 2/3
in Eq.(67).
Now considering Eq.(66), we find that the Eq.(63) at high-redshift becomes
Sc′′ + c3
Sc′
a
+ c4
Sc
a2
+ c5δ
c′′ + c6
δc′
a
+ c7
δc
a2
= 0, (a≪ 1), (69)
where c3 ≈
3
2
and c4 ≈ c5 ≈ c6 ≈ c7 ≈ 0. As before we have used the best -fit values.
For the non-interacting limit (β1 = β2 = 0), we obtain
Sc′′ +
3
2a
Sc′ = 0, (a≪ 1). (70)
Again we note that Eqs.(69) and (70) are very similar for Sc′, since the constants c4 ≈
c5 ≈ c6 ≈ c7 ≈ 0. Also we observe that the solution of S
c from Eq.(69) (or Eq. (70)) has
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two modes; one decaying solution (nonphysical) and the solution; Sc=constant. This last
solution suggests that we could consider the adiabatic condition or equivalently Sc ≈ 0 for
the coupled system (see e.g., Ref.[39]).
In Fig.2 we show the evolution of δcmm as a function of the scale factor a for three different
scales k. In order to write down values for the perturbation δcmm and the scale factor, we solve
numerically the Eqs. (44) and (63) by using the best fit values found in the previous section
and adiabatic initial conditions. We observe that the behavior of δcmm = δ
cm
m (a) on different
scales k is similar. We also note that the perturbations slowly increase until approximately
the value a = 1 and then they start to oscillate before diverge. This instability occurs when
the EoS parameter w crosses the value w = −1 in its evolution, known as the phantom
crossing , and then the perturbation collapses at this time and, in particular, at future
values for the scale factor a > 1.
It is interesting to compare our results for the matter perturbations of our holographic
model with the behavior of the matter perturbations in ΛCDM model. Here we mention
that the ΛCDM model can be obtained as a specific case of Eq.(44), since in this model the
pressure p = pΛ = −ǫΛ=constant and then we have
ǫ = ǫm + ǫΛ,
p
ǫ
= −
ǫΛ
ǫΛ + ǫm
= −
1
1 + r
,
and r = r0a
−3 (ΛCDM). (71)
In this form, Eq.(44) reduces to
δc′′ +
[
3
2
−
15
2
p
ǫ
]
δc′
a
−
[
3
2
+ 12
p
ǫ
−
9
2
p2
ǫ2
]
δc
a2
= 0 (ΛCDM). (72)
Now considering that the perturbations δǫc = δǫcm since δǫΛ = 0, we find that the relation
between δc and δcm can be written as
δc =
δǫc
ǫ
=
δǫcm
ǫΛ + ǫm
= δcm
r
1 + r
(ΛCDM), (73)
and replacing this relation in Eq.(72) we obtain the standard expression for the matter
energy perturbation given in ΛCDM model
δc′′m +
3
2
(
2 + r
1 + r
)
δc′m
a
−
3
2
(
r
1 + r
)
δcm
a2
= 0, (ΛCDM) (74)
with the ratio r = r(a) given by Eq.(71).
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VII. AVOIDING INSTABILITIES AND AN APPROPRIATE MODEL
In Sect. IV it was demonstrated that the perturbative dynamics of some dark energy
models with a dynamical EoS parameter w presents instabilities. The instabilities in the
structure formation at linear regime are strongly related to the condition 1+w = 0 at finite
time. In our analysis, the quantity 1 + w appears in the coefficient A˜ of Eq.(30) and is
hidden in the δpcx term of function B˜ (see Eq. (43)). These are the sources of instabilities
in the perturbative dynamics for any dark energy model with a dynamical EoS parameter
w with crossing phantom. As we noted, such perturbations become very large when the
parameter w approaches to w ∼ −1. We also noted that this feature does not depend on
the interaction term Q, since the quantity 1+w does not appear in the perturbation of the
interaction term δQc.
In the following we will analyze the conditions for which the quantity 1+w becomes zero
and study how to avoid this situation in our specific model, for any finite time.
From Eq.(54) we obtain that the quantity 1 + w can be written as
1 + w =
[
Dr0 − Cr0 (3w0 − r0 + 3) + (3w0 − r0 + 3) (Cr0 +D) a
−3D
3 (Cr0 +D) a−3D − 3Cr0
]
. (75)
In order to avoid the instabilities we can consider that the quantity 1 +w = 0 occurs for
a determined value ai of the scale factor in Eq.(75), yielding[
Dr0 − Cr0 (3w0 − r0 + 3) + (3w0 − r0 + 3) (Cr0 +D) a
−3D
]
|a=ai = 0 , (76)
in which for ai we get
a−3Di =
Cr0 (3w0 − r0 + 3)−Dr0
(3w0 − r0 + 3) (Cr0 +D)
, (77)
where −3D = r0 − 3w0 − β2 > 0. In order to evade the singularities in any finite time, we
may considered that the scale factor ai → ∞ at a finite time in the future. In this form ,
from Eq.(77), we obtain that the condition ai →∞ is satisfied in two cases; i) Cr0 +D = 0
or ii) 3w0 − r0 = −3. Analyzing separately for both cases we have that:
For the case in which Cr0 +D = 0 (or equivalently r0 = −(β2 + w0)/β1) we get
w
1 + r
=
1
3
D − C (3w0 − r0)
(D − C)
=
w0
1 + r0
. (78)
Now, replacing in Eq.(56) we find that the Hubble rate in terms of the scale factor a becomes
H = H0a
− 3
2
(
1+
w0
1+r0
)
in which a(t) ∝ t
2
3(1+w0/(1+r0)) . (79)
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Here, we note that this Hubble rate does not depend on the parameters which characterize
the interaction term. We also note that this expression for the Hubble rate describes an
universe without an acceleration phase in the case 1+r0 > −w0, then the model is disproved
from observations. The acceleration phase occurs when 1+r0 < −w0, however this condition
corresponds to phantom model, since r0 > 0 then w0 < −1 and the instabilities take place
at values for the scale factor such that ai < 1 (past time), then we discarded this phantom
model. In this way, the first condition Cr0 +D = 0 is not a suitable condition to avoid the
instabilities.
Now let us analyze the second condition 3w0 − r0 = −3. From this condition we note
that the values r0 and w0 cannot be taken independently. Also, we note that as r0 > 0 then
the parameter w0 > −1. Considering the second condition we get that the parameter which
characterizes the Ricci DE, c2, becomes c2 = 2(r0 − 3w0 + 1)
−1 = 1/2, independently of
the values of r0 and w0. This result for the parameter c
2 = 1/2 of the Ricci DE coincides
with the obtained in Refs.[29, 31] from the analysis of the non-interacting case, where the
instabilities in the non-adiabatic perturbations were considered.
As before we obtain that the quantity 1 + w as a function of the scale factor becomes
1 + w = 1 +
Dr0 + 3Cr0 − 3 (Cr0 +D) a
−3D
3 (Cr0 +D) a−3D + 3(D − C)r0
=
4Dr0
3 (Cr0 +D) a−3D + 3(D − C)r0
, (80)
and from Eq.(56), the solution for the Hubble rate becomes
H = H0a
−3/2
[
(Cr0 +D) a
−3D + (D − C) r0
D(1 + r0)
]−1/2D
, (81)
or equivalently
H = H0a
−3/2
[(
1 +
3(β1 − β2) + 4
3(β2 − 1)
Ωm0
)
a−3(β2−1) −
3(β1 − β2) + 4
3(β2 − 1)
Ωm0
]− 1
2(β2−1)
. (82)
Here we have used that 1 = Ωm0 + ΩH0, then Ωm0 = 3(1 + w0)/[1 + 3(1 + w0)].
As before, we perform the same analysis of section V, considering the SNIa and H(z)
data sets. In Fig.(3) we show the constraints on the β1 − β2 plane after marginalization in
the parameter Ωm0 and the constraints on the β2 − Ωm0 plane after marginalization in the
parameter β1, considering Eq.(83). Again the lines represent the contours of the 1σ, 2σ and
3σ regions, respectively. We find that the values of the best-fit for the parameters β1, β2 and
Ωm0 become β1 = −0.03
+0.04+0.07+0.08
−0.10−0.14−0.17, β2 = 0.22
+0.09+0.14+0.18
−0.10−0.14−0.17, and Ωm0 = 0.25
+0.01+0.03+0.04
−0.01−0.02−0.03,
respectively (χ2ν ∼ 1.17). We note a drastic change in the values of the parameters in order
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FIG. 3: Model without instabilities: Results of joint analysis by using SNIa and H(z) data
considering the second condition. Here we have considered Eq.(83) and Ωm0 = 0.25.
to avoid the appearance of instabilities in the perturbative dynamics. We also note that
form the best-fit, β1 > β2, then the direction of energy transfer is from DE to DM, since
qm > 0, or equivalently Q > 0 (figure not shown). In particular, the value β1 changes from
β1 = −0.05 to β1 = −0.03, which represents an increase about of 40 percent, and for β2 an
increase about of 22%.
In Fig.(4) we show the plot of the luminosity distance µ versus the redshift z for the best-fit
values in contrast with JLA SNIa data and considering the second condition 3w0− r0 = −3.
Here we have used the values β1 = −0.03, β2 = 0.22 and Ωm0 = 0.25 (best-fit values avoiding
instabilities). We note that the solution of the Hubble rate, given by Eq.(83), presents an
accelerate phase and is well supported by the observational data.
On the other hand, it is interesting to compare our model with the holographic Ricci DE
model without DE-DM interaction, considering the reduced chi square χ2ν statistical function
with the same data set. In this form, we could determine which type of model best fits to the
observation data, observing that model presents the lowest value of χ2ν . In the case without
DE-DM interaction, the Hubble rate for the model without instabilities is given by [31]
H = H0
[(
1−
4
3
Ωm0
)
+
4
3
Ωm0 a
−3
] 1
2
. (83)
Here, we note that we have only one free parameter, the matter density Ωm0. By performing
joint tests using JLA SNIa and H(z) data set we obtain that Ωm0 = 0.22
+0.01+0.03+0.04
−0.01−0.03−0.04 with
χ2ν ∼ 1.18. However, we observe that this goodness-of-fit is slightly higher than the case
with interaction, since we have found the value χ2ν ∼ 1.17. Unfortunately, because of the
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similitude in the values of χ2ν obtained in both models, we cannot directly deduce which
model realizes better the observational data. Strictly, our model presents a lower value in
relation to the non-interacting model, then we may conclude that the most general case with
energy transfer between DE-DM is well suited for to study and is well confronted with the
observational data.
FIG. 4: Model without instabilities: Plot of the luminosity distance µ versus the redshift z
for the best-fit values in contrast with JLA SNIa data and considering the second
condition i.e., 3w0 − r0 = −3. Here we have used the values β1 = −0.03, β2 = 0.22.
In Figs.(5) and (6) we show the evolution of the perturbation δcmm as a function of the scale
factor a for two different scales k: k = 0.05h−1Mpc−1 and k = 1.5h−1Mpc−1, respectively.
Here, we have denoted as the Model 1 the model with instabilities and the Model 2 as the
model without instabilities considering the second condition 3w0 − r0 = −3 . As before,
we find numerically the solutions for the coupled system Eqs. (44) and (63) by considering
the best fit values found from the data analysis for both models, see Figs. (1) and (3).
Here we have used the values β1 = −0.05, β2 = 0.18 and w0 = −0.95 for the model 1, and
β1 = −0.03, β2 = 0.22 and Ωm0 = 0.25 for the model 2. We observe that by considering the
second condition 3w0 − r0 = −3 (model 2), we can evade the instabilities in the structure
formation and then we obtain an appropriate model for the dark sector from the perturbative
analysis.
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FIG. 5: The evolution of the perturbation δcmm as function of the scale factor a, for the
scale k = 0.05h−1Mpc−1. Here we have used the values β1 = −0.05, β2 = 0.18 and
w0 = −0.95 for the model 1, and β1 = −0.03, β2 = 0.22 and Ωm0 = 0.25 for the model 2.
FIG. 6: The evolution of the perturbation δcmm as function of the scale factor a, for the
scale k = 1.5h−1Mpc−1. Here we have used the values β1 = −0.05, β2 = 0.18 and
w0 = −0.95 for the model 1, and β1 = −0.03, β2 = 0.22 and Ωm0 = 0.25 for the model 2.
VIII. CONCLUSIONS
In this paper we have analyzed an interacting model of dark energy and dark matter in
order to describe of late cosmic acceleration of the universe. Under a general formalism we
have described the perturbative dynamics for these two interacting fluids. In this general
analysis we have considered the timelike part of the balance equation, the momentum balance
and the momentum transfer Qα associated to the interaction term Q. From the functions
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of contrast for dark matter and dark energy we have studied the perturbative dynamics
considering a gauge-invariant treatment in comoving gauge. On the other hand, we have
obtained the total non-adiabatic and dark energy pressure perturbations and we found the
relation between these gauge-invariant quantities. Also, we have identified the sources of in-
stabilities in DE models with a dynamical EoS parameter that presents a phantom crossing.
As a concrete example we have considered an interaction term Q between the holographic
Ricci-DE and DM. Here we have studied that the interaction term Q, depends on the energy
densities of both components multiplied by a quantity with units of the inverse of time (pro-
portional to the Hubble parameter). From the background equations we have obtained the
constraints on the parameters characterizing the interaction by considering the observational
analysis from the SNIa and H(z) tests. Here from the background dynamics we have found
that the best-fit values for the parameters of the interaction are β1 = −0.05
+0.05+0.08+0.10
−0.05−0.07−0.09,
β2 = 0.18
+0.04+0.06+0.08
−0.04−0.06−0.08, and for the EOS parameter w0 = −0.95
+0.05+0.06+0.08
−0.05−0.07−0.09. In our per-
turbative analysis we have found that, in this best-fit model, the instabilities appear at the
moment when the EoS parameter w crosses the value w ∼ −1 and we have noted that this
feature does not depend on the interaction term Q. In order to avoid these instabilities in
the perturbative analysis and develop an appropriate model for any finite time, we have
obtained a specific value of the scale factor denoted as ai. From this value of ai we have
obtained two independent conditions to avoid the instabilities in our specific model, namely:
i) Cr0 = −D and ii) r0 = 3(w0 + 1). Considering the first condition we have found that
if w0 < 1 + r0, the model is disproved from observations, since under this requirement the
model does not present an accelerate scenario. Otherwise if w0 > 1 + r0, we have obtained
an accelerate phase, however this condition corresponds to a phantom model, nothing that
the instabilities take place in the past time. In this way, we have obtained that the first
condition is not suitable. From the second condition i.e., r0 = 3(w0 + 1), we have found an
accelerate phase of the universe and also corresponds to an appropriate model for any finite
time. In order to avoid the instabilities in the perturbative dynamics, we have noted that
this result agrees with obtained in Ref.[31] and becomes independently of the interaction
term. Moreover we have obtained that the constraint on the Ricci parameter c2 = 1/2 is
fixed for the second condition, since as from background c2 = 2(r0−3w0+1)
−1 and together
the second condition r0 = 3(w0 + 1), then c
2 = 1/2, independency of the values r0 , w0
and the energy transfer rate Q. Also, from this condition we have found, in order to have
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an appropriate model, a new sets of best-fit values for the interaction parameters given by
β1 = −0.03
+0.04+0.07+0.08
−0.10−0.14−0.17, β2 = 0.22
+0.09+0.14+0.18
−0.10−0.14−0.17, and Ωm0 = 0.25
+0.01+0.03+0.04
−0.01−0.02−0.03. Here we
have observed a drastic change in the values of the parameters β1 and β2 in order to avoid
the singularity from the perturbative dynamics. For the parameter β1 we have found that
the increased is the order of 40% and for β2 is the order of 22%.
Finally, we would like to point out that in models that have a phantom crossing, and
in particular for the holographic models (with and without interaction), it is necessary to
be cautious when only the background level observational tests are being considered. Here,
we have shown that in spite of a good agreement with data and an adequate background
dynamic, this could lead to inviable models at perturbative level.
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